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Letf(x, x) be the Iwasawa power series for thep-adic L-function L,(s, x), where 
x is an even nonprincipal character with conductor not divisible by pe (or by 8, 
when p = 2). The divisibility by p of the first p coefficients of f(x, X) is charac- 
terized by Kummer type congruences of generalized Bernoulli numbers. Applica- 
tions to Iwasawa invariants and class numbers of imaginary Abelian fields are 
discussed. 
1. INTRODUCTION 
Let p be a prime. Let Z, and Q, denote the ring of p-adic integers and the 
field of p-adic numbers, respectively, and let Q, be an algebraic closure 
of Q, . In the following the field of all algebraic numbers is regarded as a 
subfield of IR, through a fixed embedding. Denote by ord thep-adic valuation 
on Q,, normalized so that ordp = 1. Put q = 4 for p = 2 and q = p 
forp > 2. 
Consider a primitive character x with conductor f, . Suppose that x is 
nonprincipal, x(- 1) = 1, and f, equals m or mq, where m is a natural 
number prime to p. Let o, be the ring of integers in the local subfield of Q, 
generated over Q, by all the values of x. According to Iwasawa’s theory %f 
p-adic L-functions [5], there exists a power series 
f(x, x> = 2 UkXk 
k=O 
with uk = a,(x) E 0, such that 
-W, x) = 2f(U + mq)8 - 1, x) 
for all s E Z, . This power series determines two remarkable invariants 
associated to x, namely the numbers 
pL, = min{ord &(x) 1 k Z 0}, 
XX = min{k I k 2 0, ord a&) = pX}. 
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The aim of this paper is to derive a relationship between ord a,&), k = 0, 1 ,..., 
p - 1, and certain Kummer type congruences of generalized Bernoulli 
numbers (see Theorems 1 and 2). This gives us then information about 
,u% and X, . 
The numbers pX and XX are closely connected with the Iwasawa invariants 
p and X of imaginary Abelian fields. Let K be such a field, and write 
TV = II+ + p-, h = X+ + X-, where CL+ and Xf are the corresponding 
invariants of the maximal real subfield of K. We may assume without loss of 
generality that the conductor of K is not divisible by qp (e.g., [22, p. 1791). 
Set 
x = X(K) = {$hJ 1 z) an odd character of K, I+!J -+ w-l),, (2) 
where w  is the generating character mod q satisfying the congruence 
w(a) = a (mod q) for each unit d of Z, . Then 
(see [3] or [ll]). 
For n >, 0, let K, denote the nth layer of the basic Z,-extension of K, 
and let h,- be its relative class number. The invariants p- and X- are related 
to ord h,-; for all sufficiently large n this relation can be expressed in the 
simple form 
ord h,- = p-p” + h-n + c, (3) 
where c is a constant. Thus our considerations also give a connection 
between ord h,- and the generalized Bernoulli numbers. In particular, 
if K is the cyclotomic field of pth roots of unity (p > 2), then these general- 
ized Bernoulli numbers reduce to ordinary Bernoulli numbers. In this case 
a number of known results about connections between ord h,- and the 
Bernoulli numbers [9, 13-15, 17-201 can be easily obtained from our results, 
as is seen in Section 4. 
2. Two LEMMAS ON GENERALIZED BERNOULLI NUMBERS 
Let B”&) denote the nth generalized Bernoulli number belonging to the 
character x. For the principal character E, B”(C) is equal to the ordinary 
Bernoulli number Bn. As above, let m be a natural number prime to p, 
and write 
C(m) ={xlfx = m m-L = mq, x(-l) = 1, x # 4, 
G(m) = {xlf, = 4. 
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LEMMA 1. Let p > 2 and x1 E C,(m). Then 
Bn~&) E Bt~Bk+n(xl) (mod p”) 
forn>l,k>O,andO<t<p-2. 
Proof. Put x = xlw t. Since f, divides mpkfl, we have (in the usual 
symbolic notation) 
mPk+l 
Fl x(4 a n = & [(B(x) + mpk+l)n+l - B”+‘(x)] 
n+1 
= mpk+lBn(x) + ,C, & (” ? ‘) B”+l-Q) mip(k+l)i. 
Writing the terms of the last sum in the form 
pi-2 
-( 1 i 
i _II 1 pBn+l-Q) mipki+l, 
we find that 
mPk+l 
In view of 
zI x(u) an = mpk+lBn(x) (mod ~~~+l). 
x(u) = x&z) w”(a) = Xl(O) atpelc (mod ~~~+l), 
this proves the lemma. 
The last congruence is not true for, say, t = p - 1, when a is chosen 
appropriately (as c@-l = E). Note also that the absence of a suitable analog 
of this congruence forp = 2 compels us to restrict Lemma 1 to odd primesp. 
Let us drop this restriction and put 
cd, = (1 + mq)-n - 1 (n = 0, l,...). 
For x E C(m), let f(x, x) = a,, + a,x + a2x2 + *a* be the power series 
introduced in Section 1. Then 
2f(a n ) x) = L,(-n, x) = -(l - (xw-“-“)(p)pn) BnZ(y;+l) . (4) 
For any sequence x0 , x1 ,... in IR, , define the difference operator A, 
(c > l), as usual, by d,x, = x,+, - x, . Set d, = A. Below we need the 
following elementary property of these operators: If c 1 d, then A, = g(d,)d, , 
where g(x) is a polynomial in iZ[x]. 
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LEMMA 2. Let x E C(m). For h > 0 and n > 0, 
(mod qh+l), 
where S&h, k) denotes the Stirling number of the second kind. 
Proof. We have 
Ahf(ol, , x) = Ah ‘f a,pnk = $o ad%,” 
k=O 
(mod qh+l), 
because 01, = 0 (mod q). 
For h = 0 our assertion reads as f( 01, , x) = a, (mod q); this is trivially 
true. Let h > 1. Then 
Ahank = Ah((l + mq)-” - l)k = 5 (-I)“-” (t) Ah(l + mg)-nu, 
tL=O 
where, furthermore, 
Ah(l + mq)-nu = (1 + rnq)+’ ((1 + mq)-” - l)& = (-mqu)& (mod qh+l). 
Observing that 
io (--1)“~” (“,) uh = AkOh = k! S,(h, k) 
[16, p. 2021, we get from this the congruence of the lemma. 
Now let x1 E C,(m). A by-product from Lemma 2 is that 
io (-llh-” (hu)fc,.+, 1 x1wn+9 = 0 (mod qh) (h = 0, l,...). 
when n is so chosen (n 3 0) that xlo n+l is even and nonprincipal. This 
allows us to conclude, by (4), that 
(mod q”+*p-l) (3 
provided X~CCP+~ # E (note that Bn+l(xl) = 0 when x@+l is odd). Here 
4 denotes Euler’s $-function. By considering the last congruence for h = 0 
we find that 
(mod W), (6) 
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whenever n 3 1 and x+~+l # E. Combined with (5) this gives us the 
Kummer congruences 
4,) -& B”+l(xJ = 0 (mod q*+%-l) (h = 1, 2,...) (7) 
valid for n 3 h whenp > 2 and for n > 2h whenp = 2, under the additional 
restriction xlfP+l # E. This restriction excludes merely the case x1 = E, 
II + 1 = 0 (mod p - 1). We need (5), (6), and (7) in the sequel. 
It should be noted that (6) and (7), for p > 2, were proved by Carlitz [I] 
and are in fact valid for a larger class of characters (cf. also [12]). 
3. THE DIVISIBILITY BY p OF THE FIRST COEFFICIENTS ak 
Let us consider the power series (1) for a character x E C(m). Suppose 
thatrEQ,O<r,(l. 
THEOREM 1. Let x E C(m) and let n be.a nonnegative integer. The following 
conditions (I) and (II) are equivalent, provided 0 < h < p - 1: 
(I) a&) = 0 (modp”)fir k = 0, l,..., h; 
(II) A”f(an , x) = 0 (mod qkpr)far k = 0, l,..., h. 
ProoJ It is a direct consequence of Lemma 2 that (1) implies (II). We 
verify the converse implication by induction on h. 
Sincef(ol, , x) = a,, (mod q), th e assertion is true for h = 0. Suppose that 
it is true for all values of h less than a fixed h 3 1. Now, if (II) holds for 
this h, then A*f(ol %, x) = 0 (mod qhpV) and so, by Lemma 2, 
h-1 
c k! a&(h, k) + h! ah = 0 (modem). 
B=O 
By induction hypothesis, a, = 0 (mod p’) for k = 0, l,..., h - 1. But 
ord(h!) = 1, and therefore ah = 0 (mod p’) as was to be proved. 
Remark. Suppose that the congruences (II) (and hence also (I)) are valid 
for k = 0, I,..., p - 1. Since k! = 0 (mod p) for all k > p, it then follows 
from Lemma 2 that Ahf(~, , x) = 0 (mod qhp”), whenever h > p. Conse- 
quently, Theorem 1 cannot be true without the restriction h < p - 1. 
THEOREM 2. Let x E C(m) andput x = xluG with x1 E C,(m) and 0 G t ,( 
4(q)--l.SupposethatO<h<p-l.If 
A’Ef(a, , x) = 0 (mod qW, k = 0, I ,..., h, (8) 
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for some n > 0, then 
A;(,,(1 - x1(p) p”-‘) Jp G 0 (mod qk+lpr-I), k = 0, l,..., h, (9) 
whenever n 3 1 and n = t (modp - 1). Conversely, ifp > 2 and (9) is valid 
for some n subject to the conditions n > 1, n -= t (mod p - I), then (8) holds 
for all n 2 0. 
Proof. First note that, by Theorem 1, the validity of the congruences (8) 
for some n 3 0 implies their validity for all IZ > 0. 
Suppose that (8) holds, and choose n so that n 3 1 and n s t (modp - 1). 
Then d~f(~n-I , xlot) = 0 (mod q’“p’) for k = 0, l,..., h. Since mt-% = c, 
the same argument as before (see (5)) gives us (9). 
To prove the converse part, let p > 2, fix k such that 0 < k < h, and 
suppose that 
A’“,-,(1 - xl(p) p”-‘) F SE 0 (mod p”+‘) 
for some n satisfying the conditions n 2 1, n = t (mod p - 1). By virtue 
of X$P = x # E it follows from (5) that (10) also holds with A:-:_, replaced 
by dz;f_: , Using the identity A”,-rx, + AFIx, = dLIx,+,-l we therefore 
see that (10) is valid for every n greater than our original n and congruent 
to t (mod p - 1). Let us fix such an n so that n 3 2p. 
In (10) one can replace Ak,-, by Ai , where d = ps - 1 with s > 1. Thus 
(10) yields the congruence 
i (-I)“-” (5 Bn+u(pC-l)(xd _ 0 
n-u 
(mod p”+,.) (11) 
u-0 
valid for all sufficiently large s. Furthermore, for the quotient appearing 
here on the left-hand side we have 
B~+~(~g-yxl) _ B-(xpu) 
n-u n--u 
(mod p”+‘), (12) 
whenever s is large enough. This follows from Lemma 1 in case 0 < u < 
p - 2, and from Kummer’s congruences in case u = p - 1 (see (7) and 
note that n was chosen large enough). 
On inserting (12) in (11) and changing the summation variable from u 
to k - u we obtain 
641/10/q-10 
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This congruence remains valid when each term of the sum is multiplied 
by 1 - (x~uP-~)(~)~“-~+~-~. Hence we infer that 
Lly-(an-k&l ) Xld) = 0 (mod J++~), 
and the proof is completed. 
THEOREM 3. Theorem 2 remains true if(S) is replaced by 
(mod qk+lp’-l), k = 0, 1,. .., h, (13) 
and instead of the condition n > 1 it is assumed that n > max(2, h + 1) 
when p > 2 and n > max(2,2h + 1) when p = 2. 
Proof. Let n satisfy the stronger conditions mentioned in the theorem, 
and suppose that n = t (mod p - 1). We have only to show that both (9) 
and (13) imply the congruences 
Ll$o~pn-lBn(Xl)/n = 0 (mod qh’+lpc-l), k = 0, I,..., h. 
Here the left-hand side is congruent to p”-‘B”(xJ/n (mod q”+‘p’-l), for 




n + 4(q) 
_ 0 (mod qk+lpr--l), 
whenever u > 1. On the other hand, it follows from both (9) and (13), 
for h = 0, that Bn(xl)/n I 0 (mod qp’-l). Hence p”-lB”(x,)/n = 0 (mod 
qk+lpr-l), and the assertion is proved. 
By combining the above three theorems we obtain information about 
pX and A, , for x = xl& E C(m), in terms of the numbers Bn(xl). For example, 
if pw > 0 then the congruences (9) hold for k = 0, I,...,p - 1, a result 
which was also proved, essentially, by Shiratani [17, p. 1341 in the specific 
case x1 = E. This case is treated in detail in the following section. 
4. APPLICATION TO CYCLOTOMIC FIELDS WITH PRIME POWER CONDUCTOR 
Let p > 2 and let K be the cyclotomic field of pt’h roots of unity. Then 
X(K), the associated set of characters defined by (2), consists of the characters 
&, where t runs through the set N, = (2,4,...,p - 3). (Note that X(K) is 
empty for p = 3.) Moreover, the nth layer of the basic &-extension of K 
is the cyclotomic field of p*+lth roots of unity (n 3 0). Let h,- be its relative 
class number. 
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THEOREMS. LettEN,andO<h<p-l.Then 
if and only if 
u&3) = 0 (mod p), k = 0, I ,..., h, 
L&(1 - py $ E 0 (mod Pi+‘), k = 0, I ,..., h. 
or equivalently, 
(mod pkicl), k = 0, l,..., h, 
where n satisfies the conditions n 3 h + 1 and n = t (mod p - 1). 
Proof. Since mt E C(l), we get the theorem immediately on applying 
Theorem 1 in conjunction with Theorems 2 and 3. 
It should be noted that the cases h = 0 and h = 1 of Theorem 4 appear 
already in [lo, pp. 67-681. For h = 0 this theorem states that &wt) = 0 
(modp) if and only if Bt = 0 (modp), i.e., (p, t) is an irregular pair. Because 
ord h,- = 1 ordf(0, ot) = c ord a,,(~“) (14) 
tsN9 tsN,, 
(see [6, pp. 91, 95]), this gives us the following well-known results: 
ord h,- > 0 if and only if Bt = 0 (mod p) for some t E N, ; and ord h,- 3 i, , 
where i, is the number of such t E Nf, (the index of irregularity of p). The 
former result is a classical theorem of Kummer [9], the latter follows from 
Vandiver’s theorem [ 191. 
A link between the power seriesf(x, w”) and the values of ord h,-, n -2 0, 
is provided by the following relation, due to Twasawa [6, p. 921: 
with 
ord(h;+,/h,-) = C Dnt (n = 0, l,...) 
toN, 
Dat = c ordf(l: - 1, We), 
CC w,+1 
(15) 
where W,, stands for the set of primitive p”-th roots of unity. Since ord(c - 1) 
is independent of the choice of 5 E W,,, , we may also write 
Dmt = $( pn+l) ord f(< - 1, QJ”) (5 E Wn+d. 
We briefly discuss some implications of (15) in the light of Theorem 4. 
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PROPOSITION 1. Letn>,OffndO,cj~~p”+l)-1. Therz 
u,(d) f Ul(oJ”) = ** * 5s u&J~) 3 0, 44 f 0 (modp), (16) 
implies that Dnt = j, and vice versa. 
Proof It follows easily from (16) that 
ordf([ - 1, w”) = ord ui([ - l)j = j/+(p”+r), 
that is, Dnt = j. Conversely, let ordf(l; - 1, w”) = j/&,+1). If a, z 0 
(modp) for k = 0, I,..., &p”+l) - 1, then 
ordf({ - 1, w”) 3 m@ ord uk(< - 1)” > 1, 
which is a contradiction. Hence there exists a k such that a, f 0 (mod p) 
and 0 < k < &P+l) - 1. If k is the least index satisfying these conditions, 
then ordf([ - 1, w”) = k/&.P+l) and so j = k. Therefore (16) holds true. 
Combining this proposition with Theorem 4, for j = 0 and j = 1, we 
obtain the following known results about on = ord(hLr/h,-), where n 3 0: 
(i) u, > 0 if and only if Bt F 0 (mod p) for some t E N, (e.g., [20]); 
(ii) un 3 i, , and u, > i, if and only if 
Bt-0 (modp), $E 
Bt+P-1 
t+p---I (mod ~“1 (17) 
for some t E N,, [15, 131; 
(iii) u, > i, + j, , where j, is the number of such t E ND for which 
(17) holds [14]. 
Similar arguments extended to larger values of j show that: 
(iv) A necessary and sufficient condition for Dnt = j, with n >, 0 and 
0 <j < p - 2, is that the congruence 
i. (-l)“-” (5 (1 - pt-l+u(P-l)) r ~~~~~ 1) 3 0 (modp”+l) (18) 
be valid for k = 0, l,..., j - 1 but not for k = j; 
(v) A necessary and sufficient condition for D,t > j, with n 3 0 and 
0 < j < p - 1 (or also II b 1 and j = p), is that (18) be valid for k = 
0, l,..., j- 1. 
The last result has been proved by Shiratani [18] in a slightly weaker form 
(for larger values of n). 
Note that (16) is nothing but an equivalent form for the statement pX = 0, 
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h,Fj, where x=w $. Writing f(x, x) = pUx Ck),, a;xl; and considering a; 
instead of ak we arrive at the following statement analogous to the first part 
of Proposition 1: If n > 0 and, for x = ut, 0 < X, < #(p”+l) - 1, then 
Dnt = &(pn+l) + h, . Accordingly, 
ord(h;+,lh,-1 = P-&P’? + A-, 
when n is so large that $(p”+l) > h, for all X = ut E X(K). This implies 
the fundamental formula (3) in the special case under consideration. (In 
fact, it is essentially this reasoning that leads to (3) in [6, pp. 92-941, where 
only the lower bound for II is weaker.) Particularly, assuming that h, < p - 1 
for all x E X(K) we infer that 
ord h,- = p-p” + X-n + (ord h,- - p-) 
for all n > 0. Moreover, it is seen from (14) that the “constant term” 
ord h,- - p- here is nonnegative. 
The validity of the congruences (17) has been tested numerically for all 
t E N, up top < 125,000 (see [8, 211). In all these cases (17) fails and hence 
px = 0 and h, = 0 or 1 for X = wt. (This result has been obtained by other 
methods, too.) Furthermore, ord h,- = i, and so 
ord h,- = i,n + i, (n 3 0) 
for p < 125,000 (cf. 17, p. 921). Note also that for all these p we have 
ord h,- = ord h, , where h, is the class number of K, . 
5. FURTHER APPLICATIONS 
Consider first the character set associated to the cyclotomic field K of 
4pth roots of unity, where p > 2. In addition to the characters UJ~ E C(1) 
discussed above this set contains the characters X E C(4), i.e., the characters 
of the form t&J, where f is odd and 0 indicates the unique character 
with fe = 4. Observe that 2B”(8) = -nE”-l (n 3 l), where En denotes 
the nth Euler number. Thus one can formulate the following analog of 
Theorem 4. 
THEOREM 5. Let x = &.J, where t is odd, 1 < t < p - 2, and suppose 
thatO<h<p-l.Then 
4x1 = 0 (mod P), k = 0, l,..., h, 
if and only if 
d ;Jl - B(p) pt-I) Et-’ = 0 (mod pkfl), k = 0, I,..., h, 
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or equivalently, . 
dgplEn = i (-l)“-” (E) En+u(g-l’ G 0 (mod@+‘), k = 0, I,..., h, 
u=O 
where n satisfies the conditions n > max( 1, h) and n E t - 1 (mod p - 1). 
It follows in particular that a,(x) z 0 (mod p) if and only if 
1 - 13(p) = 0 (modp), when x = Bw, 
Et-l = 0 (modp), when x = t9wt E X(K), 3 < t < p - 2. 
The former congruence is equivalent to p = 1 (mod 4), while the latter is 
true if and only if (p, t - 1) is an E-irregular pair. This result as well as some 
more general implications of Theorem 5 of course have consequences 
concerning ord h,-, similar to those presented in the preceding section 
(h,- the relative class number of the 4pn+lth cyclotomic field). 
The special cases h = 0 and h = 1 of Theorem 5 were proved also in [2], 
where the invariants pFLx and A, were determined for all x = l&J E X(K) 
up to p < lo*. Like the characters of Section 4, all the present characters 
proved to be trivial in the sense that always pX = 0 and A, = 0 or 1. 
For p = 1 (mod 4), the congruence uo(8w) E 0 (mod p) verified above 
can actually be sharpened to the form %(8w) = 0. This is seen from the 
following more general result. 
PROPOSITION 2. Let p > 2 and let x = xIw E C(m) with x1 E C,(m). 
Ifxl(p) = 1, then a,,&) = 0 and hence either px or A, is positive. 
Proof. Use (4) and the fact that ol, = 0, to write 
2ao = 2f(% 9 x) = -41 - Xl(P)) B’&,) = 0. 
In conclusion we shall deal with an example of a nontrivial f(x, x). Let 
p = 3 and let # be the odd real character withf* = m = 56, i.e., the character 
of the quadratic field Q((-14)l12). It is known that, for p = 3, this field 
has p = 0 and h > 2 [4, p. 3731. Obviously TV = pllw and h = A,, in this 
case. 
Since #(3) = 1, Proposition 2 tells us that either p > 0 or h > 0. More- 
over, a simple but somewhat tedious calculation shows that 
B3(a,h) = -33 (mod 3*), B5(a,h) = 0 (mod 33) 
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(apply, e.g., the f ormula mB”(#) = --CL, z,&)(mB - a)*). For brevity, 
put A, = (1 - 39 B”(#)/n. It follows that 
A, - A3 = 0 (mod 32), 
A, - 2A, + A, = -32 f 0 (mod 33). 
Thus we obtain the result that p = 0 and h = 2. 
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